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We use first-principles density-functional theory calculations to determine the vibrational properties of
ultrathin n�1,2 , . . . ,7�-layer graphene films and present a detailed analysis of their zone-center phonons. We
demonstrate that a low-frequency ��112 cm−1� optical phonon with out-of-plane displacements exhibits a
particularly large sensitivity to the number of layers, although no discernible change in the interlayer spacing
is found as n varies. Frequency shifts of the optical phonons in bilayer graphene are also calculated as a
function of its interlayer separation and interpreted in terms of the interplanar interaction.
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I. INTRODUCTION

Recently, thanks to advances in the fabrication and ma-
nipulation of ultrathin multilayer graphene films, a lot of
attention has been devoted to the study of how the physics of
multilayer graphene evolves with increasing number of
layers.1–12 Exciting theoretical and experimental work has
been reported on the electronic properties of n��1�-layer
graphene �nLG�, addressing the effects of interlayer interac-
tion, stacking order,3 orientational disorder,10,11 and external
electric field.12 The first experimental study1 of electronic
transport in nLG films determined the nature of their charge
carriers and revealed a strong ambipolar electric-field effect.
Subsequently, density-functional calculations3 which exam-
ined the dependence of their electronic band structure on the
stacking order and the number of layers have shown that the
observed ambipolar transport is only possible in Bernal
�AB�-stacked nLG films. Furthermore, ab initio3 and
tight-binding9 calculations as well as experimental studies11

have made it clear that the Dirac-type linear dispersion
present in �single-layer� graphene is also present in any
AA-stacked nLG in graphene films with misoriented layers
and in AB-stacked graphene films with odd number of layers.

While there are many studies on the electronic structure
of the nLG films, their vibrational properties have not been
fully explored. In particular, it is presently unclear how the
out-of-plane vibrations are affected by the interlayer interac-
tion and the number of layers. A quantitative understanding
of these issues is crucial for the optical probing of futuristic
graphene based nanoelectronic devices. In this paper, we cal-
culate the vibrational properties of ultrathin n-layer graphene
films �for n=1,2 , . . . ,7� using ab initio density-functional
theory �DFT�. We show that a low-frequency zone-center
optical phonon with out-of-plane displacements is highly
sensitive to the number of layers. A detailed analysis of all
the phonon modes at the high-symmetry zone-center ���
point is also presented.13

The paper is organized as follows. In Sec. II, we briefly
describe the technical aspects of our first-principles calcula-
tions. Section III presents the results �including structural
relaxations, phonons, mode symmetries, and optical activi-
ties� for bulk graphite, single-layer graphene, and ultrathin

n-layer graphene films. In Sec. IV, we discuss the underlying
physics of our main results together with the pictorial repre-
sentation of the phonon modes. Finally, Sec. V contains
some concluding remarks.

II. METHODOLOGY

All our calculations are performed using the PWSCF �Ref.
14� implementation of DFT, with a plane-wave basis set and
ultrasoft pseudopotentials.15 We adopt the exchange-
correlation functional of Perdew-Zunger �PZ� �Ref. 16� for
the local-density approximation �LDA� and that of Perdew-
Burke-Ernzerhof �PBE� �Ref. 17� for the generalized gradi-
ent approximation �GGA�. The nLG films are simulated us-
ing a supercell geometry with a vacuum of 10 Å in the z
direction to ensure negligible interaction between its periodic
images. The Brillouin-zone integration is done on uniform
Monkhorst-Pack18 grids of 72�72�1 for monolayer
graphene, 72�72�3 for few-layer graphene, and 72�72
�24 for bulk graphite. An electronic smearing parameter19

of 0.01 Ry with Fermi-Dirac distribution is used. Structural
relaxation is carried out in each case so as to minimize the
forces acting on each of the atoms using the Broyden-
Flecher-Goldfarb-Shanno �BFGS� based method.20 Phonon
frequencies are obtained using the density-functional pertur-
bation theory �DFPT� �Ref. 21� which calculates full dy-
namical matrices through the linear response of electrons to a
static perturbation induced by the ionic displacements.

III. RESULTS AND ANALYSIS

For sparsely layered systems such as graphite, with pre-
dominantly van der Waals interlayer interactions, standard
DFT based approaches such as LDA and GGA are known to
yield poor predictions for interlayer spacings.22,23 However,
in case of graphite, LDA fortuitously gives reasonable inter-
layer spacing while GGA shows no binding at the measured
spacing.3,24–26 Our LDA estimates of the equilibrium in-
plane lattice spacing �a0

LDA=2.4394 Å� and interlayer dis-
tance �d0

LDA=3.2932 Å� of AB-stacked graphite are close to
the respective experimental27 values a0

expt=2.46 Å and d0
expt

=3.35 Å. While the GGA can reproduce the experimental
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a0, it gives too large d0�4.2415 Å�. Hence, for the GGA,
phonon frequencies have been calculated for the theoretical
as well as for the experimental d0; while the former strongly
underestimates the low-frequency modes, the latter improves
the agreement with experiments but generates an unwanted
c-axis pressure of 3.2 GPa. To obtain converged results, low-
frequency phonons require relatively larger values of cutoff
for the wave function and charge density compared to the
other phonons. In case of LDA, the low-frequency optical
phonons are converged within the error bar of 2–3 cm−1 for
a 40 Ry �480 Ry� wave-function �charge-density� cutoff,
while in the GGA exceedingly large cutoffs both for the
wave function �110 Ry� and charge density �3300 Ry� are
needed to obtain the frequencies within the above-mentioned
tolerance. Such high cutoffs make the use of the GGA for
nLG films for larger n prohibitive computationally. Hence
we have used the LDA with a 40 Ry �480 Ry� wave-function
�charge-density� cutoff for all the nLG films.

Our calculated � point phonon frequencies for graphite
and �single-layer� graphene are listed in Table I, together
with their symmetry label. For the 12 phonon modes of
graphite, these are the labels of the irreducible representation
of D6h

4 �its space-group symmetry if we assume that the hex-
agonal networks of carbon atoms are stacked in the Bernal
sequence and the atoms in � and � sites lie in the same plane
without any orientational disorder�, according to the
decomposition27 D6H

4 =2�A2u � B2g � E1u � E2g�. The symme-
try index also determines which modes are infrared �IR� ac-
tive and which Raman active, as listed in Table I, according
to the decomposition D6H

4 �IR�=2�A2u � E1u� and
D6H

4 �Raman�=2E2g. For convenience,26 we denote as
“primed” an optical mode in which two atoms in each layer
of the graphite unit cell oscillate together in phase but with
an opposite phase to the two atoms of the other layers,
whereas an unprimed optical mode denotes a case where
atoms within the same layer oscillate out of phase with re-
spect to each other.

Our LDA estimates of a0 and d0 for the AB-stacked bi-
layer graphene �2LG� are 2.4394 and 3.3254 Å, respec-

tively. Both of these parameters hardly change with the in-
creasing number of layers in the nLG film. Furthermore, no
discernible surface relaxations and reconstructions are found,
which needs to be verified experimentally. Ultrathin nLG
films also have the stacked honeycomb lattice but with lim-
ited number of layers. For AB-stacked nLG films with an
even number of layers �EnLG�, a center of inversion �i exists
and hence the symmetry group is D3d. On the other hand, in
the case when n is odd �OnLG�, the existence of a reflection
symmetry �h with respect to the middle layer, instead of the
center of inversion, gives the symmetry group D3h. We now
highlight some interesting aspects of phonons in EnLG �see
Table II� and OnLG �see Table III�.

At the zone center, the modes E1u�high� and E2g�high�
have the same intralayer motion but differ in the relative
phase of the carbon displacements in adjacent layers. Conse-
quently, the interlayer interaction in bulk graphite induces a
splitting � �	�E1u�high��−	�E2g�high���=7.3 cm−1 �see
Table I�. In case of the 2LG film, the above splitting � re-
duces to 4.8 cm−1 �see Table II�, indicating a 33% reduction
in interlayer interaction in 2LG film with respect to the three-
dimensional �3D� graphite. The rigid-layer shear mode
E��low� in the 2LG film also provides another spectroscopic
measure of the interlayer coupling exhibiting the similar
33% reduction in frequency �and hence interlayer bonding�
compared to the 3D graphite. In the limit of zero interlayer
coupling, one must get 	�E2g�low�� �and 	�B2g�low��� →0.

More interestingly, the out-of-plane transverse optical
phonons B2g�low� and B2g�high�, which were optically silent
in graphite, become Raman active �A1g�low� and A1g�high�,
respectively� in the EnLG film. The A1g�low� mode arises
while two adjacent layers move out of phase relative to each
other �i.e., a “primed” mode mentioned above� along the c
axis. In a 2LG film, only one A1g�low� mode is possible,
corresponding to !→ ←! vibrational layer displacement along
the c axis �which we denote as +− for simplicity�. In a 4LG
film, two A1g�low� modes are possible, corresponding to
+−+− � !→ ←!! !→ ←! � and ++−− � !→! !→ ←!! ←! �; in a
6LG film, one gets three A1g�low� modes, corresponding to

TABLE I. Optical phonons of 3D graphite and two-dimensional �2D� monolayer graphene at the high-symmetry point �. The meaning
of “primed” is discussed in the text. The notations LO and TO are with respect to in-plane phonon wave vector q→0.

Symmetry Activity Description

Frequency of graphite
�cm−1�

Frequency of graphene
�cm−1�

GGA
fully theoretical

GGA
with d0

expt
LDA

fully theoretical Experiment LDA

E2g�low� a Raman In-plane optical, primed �iLO� /TO�� 8.9 49.3 53.7 49b, 42c

B2g�low� Silent Out-of-plane optical, primed �oTO�� 29.1 134.6 112.1 95d,126c

B2g�high� Silent Out-of-plane optical �oTO� 880.2 875.3 894.0 868c

A2u�high� IR Out-of-plane optical �oTO� 880.4 879.6 902.2 870c 907.0

E2g�high� a Raman In-plane optical �iLO/TO� 1560.6 1559.5 1594.1 1582c 1593.9

E1u�high� a IR In-plane optical �iLO/TO� 1561.6 1566.5 1601.4 1588c

aDoubly degenerate phonon.
bReference 28.
cReference 29.
dReference 30.
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+−+−+−, +−−+ +−, and ++ +−−−; and in any EnLG film,
n /2 such modes, corresponding to n /2 physically distinct
arrangements of the layer displacements, are possible. The
counterparts of the above layer displacements in OnLG are
the A2��low� modes because of �h symmetry. Hence they are
IR active and not Raman active. Among all the possible com-
binations, only the +−+¯ up to n � !→ ←! ! !→ . . . up to n�
displacement pattern is omnipresent in all n��1�-layer
graphene and will be denoted as the A��low� mode hereafter
�see Fig. 1�. Particularly in a 3LG film, the A� mode arises
when the outer two layers move in phase and the middle
layer moves �with an appropriate amplitude ratio� in the op-
posite direction �i.e., !→ ←! ! !→ �. The counterpart of the
A��low� phonon in the higher frequency region �denoted as
A��high� in Tables II and III and Fig. 2� involves relative
motion of the intralayer carbon atoms, as mentioned above.
The frequency shifts of both A��low� and A��high� phonons
are plotted with respect to the number of layers, respectively,
in Figs. 3�a� and 3�b�. Figure 3�a� clearly shows that the
A��low� phonon becomes harder and approaches the fre-
quency value of the B2g�low� mode of graphite with increas-
ing n. This is to be expected because as n increases, the
carbon atoms move less freely in the out-of-plane direction
compared to a single-layer graphene. In contrast, the
A��high� phonon softens �as can be seen in Fig. 3�b��, but
less dramatically, as n increases, consistent with its atomic-

displacement pattern. Another low-frequency phonon
E��low� �see Fig. 4�, which has Eg symmetry in EnLG films
�and is hence Raman active� and E� symmetry in OnLG
films �and is hence simultaneously Raman and IR active�,
also shows considerable hardening with increasing n �see
Fig. 3�c��. However, this mode may be difficult to observe in
Raman experiments because of its very small frequency
value, given the presence of the strong Rayleigh scattering
background. In contrast, the A��low� phonon, which was si-
lent in bulk graphite, can be used as an unambiguous experi-
mental fingerprint in the nLG film to quantify its interlayer
coupling.

To understand how the coupling between the layers
changes with the interlayer distance, we also calculate the
frequency shifts for bilayer graphene as a function of the
percentage contraction of its interlayer separation ��d0
−d� /d0�. Results for the three phonon modes discussed
above, shown in Fig. 3�d�, are consistent with the trend ob-
tained with respect to the number of graphene layers.

It is worth drawing attention also to the fact that in an
OnLG film, one gets this interesting vibrational mode �such

TABLE II. Optical �LDA� phonons of even n-layer graphene
�EnLG� at the � point.

Symmetry Activity

Frequency
�cm−1�

6LG 4LG 2LG

A1g Raman 25.3 41.6

Eg Raman 35.5 37.5

Eu IR 39.5

Eg Raman 44.8

Eu IR 49.5 45.3

Eg⇒E��low� Raman 53.2 51.4 35.0

A2u IR 54.9 78.5

A1g Raman 79.9

A2u IR 96.7

A1g⇒A��low� Raman 107.8 103.4 76.8

A1g⇒A��high� Raman 894.7 895.2 900.8

A2u IR 895.5

A1g Raman 897.3

A2u IR 898.5 897.6

A1g Raman 902.2 902.1

A2u IR 902.2 902.2 903.3

Eg Raman 1594.2 1594.2 1594.1

Eu IR 1594.8 1595.3

Eg Raman 1596.1

Eu IR 1598.2

Eg Raman 1600.2 1598.4

Eu IR 1601.3 1601.0 1598.9

TABLE III. Optical �LDA� phonons of odd n layer graphene
�OnLG� at the � point.

Symmetry Activity

Frequency
�cm−1�

7LG 5LG 3LG

A1� Raman 24.5 32.1

E� Raman 35.0 35.6

E� IR+Raman 38.4 42.3

E� Raman 42.8

E� IR+Raman 47.7

E�⇒E†� Raman 51.1 48.1 27.6

E�⇒E��low� IR+Raman 53.4 53.0 41.0

A2� IR 50.0 67.1

A1� Raman 70.0

A2� IR 90.4

A1�⇒A†� Raman 102.0 90.6 59.3

A2�⇒A��low� IR 108.8 106.8 97.5

A2�⇒A��high� IR 894.6 894.9 896.4

A1� Raman 895.5

A2� IR 896.9

A1� Raman 898.0 896.6

A2� IR 899.0 898.5

A2� IR 902.2 902.2 902.1

A1� Raman 902.3 902.3 902.6

E� IR+Raman 1594.2 1594.2 1594.1

E� Raman 1594.6 1594.9

E� IR+Raman 1595.6

E� Raman 1597.2

E� IR+Raman 1599.0 1596.9

E� Raman 1600.5 1599.5 1596.0

E� IR+Raman 1601.4 1601.2 1600.3
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as A†� and E†� modes� where the atoms in the middle layer do
not move at all while the atoms in the outer layers move.
These modes, which are not present in an EnLG film due to
the absence of a single middle layer, can be used to deter-
mine the even-oddness of a few-layer graphene film. As can
be seen in Table III, the frequencies of the A†� and E†�
phonons also increase with the number of graphene layers.

In recent Raman experiments,6 it has been observed that
the frequency of a high-energy optical phonon �Raman G
peak at �1581 cm−1� in nLG films slightly decreases with
increasing n. In the lower part of both Tables II and III, there

6 (even) − Layer Graphene 5 (odd) − Layer Graphene

A*(high) mode

FIG. 2. �Color online� Eigendisplacements of the A��high� mode
in the AB-stacked six-layer and five-layer graphene films.

6 (even) − Layer Graphene 5 (odd) − Layer Graphene

A*(low) mode

FIG. 1. �Color online� Eigendisplacements of the A��low� mode
in the AB-stacked six-layer and five-layer graphene films.
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FIG. 3. �Color online� �a� Phonon frequencies of A��low� mode in the nLG film as a function of the number of layers n. �b� Those of
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is evidence for the presence of some sort of frequency shift
with respect to the number of graphene layers. However, it is
not so simple to compare this shift with the experimentally
observed redshifts because of the proximity of many closely
spaced phonons and because of the presence of possible un-
intentional doping in the experiments.

IV. DISCUSSIONS

The most important outcome of this DFT study is the
emergence of three zone-center optical phonons, denoted as
E��low�, A��low�, and A��high�, which show significantly
large sensitivity to the number of layers n. Since no discern-
ible change in the lattice parameter is found as n varies, the
obtained shifts in the phonon frequencies can mainly be at-
tributed to the way vibrational motion of a particular mode
gets modified when the number of neighboring atoms in-
creases with n. In general, different modes get modified dif-
ferently as the interplay of the repulsive and attractive forces
depends on their characteristic displacement patterns. The
E��low� mode is a rigid-layer shear mode where adjacent
graphene layers slide over each other in oppositely directed
motions parallel to the layer planes �see Fig. 4� and its fre-
quency is determined by the interlayer shearing interaction,
while the A��low� mode is a rigid-layer compressional mode
which involves out-of-plane motion �see Fig. 1�. Generically,
rigid-layer modes involve displacements where whole layers
move as single entities and the restoring forces are provided
entirely by the interlayer interactions. Both the above inter-
layer modes harden with increasing n because as n increases
�i.e., the coordination gets enhanced� the layers move less
freely compared to single-layer graphene. In contrast, the
out-of-plane A��high� mode which involves displacements,

where atoms within the same layer oscillate out of phase
with respect to each other �see Fig. 2�, leads to a puckering
or distortion of the layer planes and hence is not a rigid-layer
mode. This puckering takes advantage of the interlayer cou-
pling in such a way so that atoms can move more easily as
the number of layers increases. As a result, the A��high�
mode shows a dramatically opposite �compared to the above
two rigid-layer modes� trend, in that the frequency softens as
n increases. Among all, the A��low� phonon shows the larg-
est shift in frequency with the number of layers because in-
terlayer bond stretching is most susceptible to the change in
the interlayer coupling arising from the change in coordina-
tion number �i.e., the number of neighboring atoms�.

Finally, we would like to point out that our LDA calcula-
tions for the nLG films do not show any noticeable layer
reconstructions and relaxations. In view of LDA’s known
limitations in accounting for interlayer interactions, these
findings require experimental verification, which seems not
to have been hitherto attempted. A significant rearrangement
in nLG films could lead to a C3v symmetry �A � E1� where
all the zone-center modes become both IR and Raman active
due to lack of an inversion center.31 In contrast, AA-stacked
nLG films have a D6h symmetry �A1g � A2u � B1u � B2g
� E1g � E1u � E2g � E2u� irrespective of the evenness or odd-
ness of n. This symmetry includes both the �i and �h opera-
tions, and phonon modes cannot be both Raman and IR ac-
tive simultaneously. However, the counterparts of A� mode
in those nonideal graphitic materials also exhibit the high
sensitivity with respect to the number of layers seen above
and hence can be used as experimental fingerprints of their
interlayer bindings.

V. CONCLUSION

In conclusion, in this paper we have presented a detailed
first-principles analysis of zone-center phonons in nLG films.
We have shown that an out-of-plane low-frequency
��112 cm−1� optical phonon has a particularly large sensi-
tivity to the interlayer binding. Frequency shifts of the out-
of-plane phonons in bilayer graphene have also been calcu-
lated as a function of the percentage contraction of its
interlayer separation. We expect that our calculations will be
of value in the context of experimental work, especially in IR
and Raman spectroscopies, to develop a better understanding
of the interlayer interaction in graphitic materials, which in
turn could facilitate the generation of a new exchange-
correlation functionals in order to describe this interaction
properly.
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6 (even) − Layer Graphene 5 (odd) − Layer Graphene

E*(low) mode

FIG. 4. �Color online� Eigendisplacements of the E��low� pho-
non in the AB-stacked six-layer and five-layer graphene films. For
this doubly degenerate mode, we show only one choice; the other
eigenvector can be obtained by symmetry.
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